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,\n X : I:ay mel hod i , cl esc rihecl II'hirh pCl'lnil 5 a precise delel'lnination oi lhe inlerplanar ~pac ill g, in a 
cr)'~la.!. I he 111 et hod IS capable oi di sclosi ng small dilTcrcnccs in inlerplanar spacings evcn I,clll'een various 
sels 01. (/tkl) planes of Ihe same forl11 an d, Iherefore, serves as a uasis for a slress-sl rain an a lysi". An crror 
nnalysls of Ihls n.lctho(! shows thnl Ihc minimul11 measurable strains in the laltice, expressed ns :;d/ d, arc a 
fun;t~on of I he dliTracl101l angle O. For 0 var)'ini; from 35° Lo 65 °, the minimul11 measurable slrain s vary from 
O.O"'}o loO.009% . 

A precisi?n d.et~rminati()n of lhe. laLlice parameler of;l zone-refined luni;s len cryslal yielded a. =3.16566 
±~.00002 A. L:l11llallOns and pOSSible applicalions of the meLhod Lo problel11s in physical metallurgy and 
sohd sL;lle phYSICS are presenled. 

I. INTRODUCTION 

A STRAIN analysis was recently developed by 
which the principal strains in a crystal can be 

~letermined provided the changes of interatomic spac­
II1gs of more than six independent (Md) reJlections are 
recorded. l Such data are conveniently provided by 
the back-reflection divergent x-ray beam method . By 
means of this method pseudo-Kossel patterns are ob­
tained which consist of ellipses corresponding to the 
reflections from a number of individual (17M) planes. 
Changes in the interatomic spacings t:.ri""' l induced by 
mechanical or chemical processes are nmni(ested sensi­
tively I:y changes in the paramet ers o( the ellipses. 13y 
measu n ng the t:.d values of several (Md) reflections and 
referring them to the corresponding Ii spacings of the 
ini t ial state, strains All"kl/ li,.kl are obtained which are 
used as the raw data for the strain analysis. 

For cubic crystals the strain analys'is has been re­
cently furt her developed so as to yiel(l a complete stress­
strain analysis. 2 ln addition to the stress- strain con­
figuration of the crystal, the stored clastic energy can 
also be measured and the magnitude and direction of 
the maximum shearing strain in any desired plane can 
be determined. Since this stress-strain analysis repre­
sents a poweriul research tool for various problems in 
physical metallurgy and solid-state physicsl- G and since 
this analysis is based on the strain data supplied by the 
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divergent beam method, it is only fitting to inquirt 
what precision can be obtained by this technique. Thi, 
paper deals, therefore, with the new expc:rinll:nt al 
developments-t.he precision and the advantarr(;s and 
limitations of the x-ray divergent beam methocf 

It should be clearly understood that the precisiDn 
requirements for the stress- strain analysis based on Ih t' 
divergent beam method are much more stringent lhan 
those usually associated with conventional strain anah­
ses based on other x-ray methods, viz., powder nH:th o;1. 
In the latter method the st.rains are usually oiJtain('d 
from extrapolated lattice parameter meaSlIJ'CI1l l'nt , 
which, of course, can also be obtained by the diverg(,l l1 
beam method. However, if one uses extrapolation t('r h· 
niques in t.he divergen t beam method for the sole pur­
pose of obtaining a precision value for the lall it , 
parameter, one surrenders a unique. advantage whi, h 
the method offers; it is an important feature of Ihi, 
method that each set. of planes of a form in a cu l,i, 
crystal gives rise to a separate ellipse. If slllall strilin, 
are introduced into a crystal, the size of the ellipsc,; llii: 
change. One of them, for example, pertaining 10 lit, 
(Md) reflect.ion may expand, while another one, pertail.­
ing to the (HZ) reflection, may contract. These chang" 
in the dimensions of the ellipses are directly relatcd I' 
the changes in d spacings and the modifications of tn , 
various ellipses of {hid} reflections are therefore dirwl' 
related to the strain configuration of the crystal. In Ih' 
powder method, on the other hand, the variolls (/:! 

reflections of a form will be recorded on a singl e line i1~. ' 
in the case cited above will give rise to line broadl'nl' _ 
and thus to the w;ual cOlllplicat iOlls associakd II;' 

this elTect. 
Since the experi mental d i l'fercnt iatioll bet ween ,-;!r'­

ous (ldtl) pln.nes of a form is fundamental for an c!'i'cclil 
st ress- strn.in analy:;is, this paper will be principally l',, ' 

cerned with the precision th~~t can Le ol.Jtainl'd ire 
measurements of the intt.:ral o11lic spacings of a HUI11I 

of {IIId} forms . III addition to this investigation of sir .. 
measurements, a complete ann.lysis of precision lall ,. 
parameter measurements will also be offered. 
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I •.. 1. SChCIlHlI ic rep­
,t,ltinll of the gener­
~ flf pseudo-Kossel 
:crns by the diver­

-; 1>t,I01 melhod. 

Bock Reflection 
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Specime n 

Single Crystal 

Forword Reflecllon 

x- ray Source 

2. DESCRIPTION OF METHOD 

I iiI' (Ii\-crgcnt beam method utili;,.es a. long, horimntal 
J ' , \~ IlIbe, shown schematically in Fig. 1. An electron 
i t'll originating [rom an electron gun is focused by 

III~ of an electromagnetic lens onto the tip of the 
1,lI lll-tighl tube closed by a thin metal foil. 7 Since 
, il1etal jail is bombarded by the electron beam, it 
. :ions as an x-ray target. By operating the tube at a 
"lllk yoltage, an x-ray beam composed mainly of 
',\(' \crisl ic radiation emerges from the tip of the tube, 
!,i ling a divergence of nearly 180°. At the point of 
-~I'ncc the beam size is about 10 J.I. in diameter. When 

.11\':\ 111 impinges on the specimen, which is placed at 
-t. llce of 0.+-3 mm from the tip of the tube, diffrac-

1 pa tlerns of the characteristic spectrum in trans­
<1111 as well as in the back-reflection' region may be 
,:dl'd. We shall be principally concerned with the 
"j, of t he back-reflection patterns, since these can 
.1'la jn~d conveniently even from thick specimens, 
nposllrc time for a tungsten crystal being only 
,. The technique of measuring the back-reflection 
. rn , which will be subsequently described in dclail, 

:111 ~OI11C ~ Iight modification, equally applicable to 
':Ji~,i()11 pat terns. 

t· divergent iJeam patterns al'e analogous (0 the 
;,IIU\\' 11 Kossel ]lat I el'IlS, except that the Conner arc 

\ \·ray tube of this lype and it diffraction IInil (uJ\Tic:'oflex") 
~\nwrcial1y produced by the Rigaku-Dcnki Company, 
Japan. 

p 
m =-= tan (0{.. + A) 

I C r 

prodllced by all x-ray source localed outside in::;lead of 
inside t he crystal. Therefore, we refer to t he 111 as pseudo­
Kossel pat t el'l1s. 

The ciifiraclion cones inlersect the Jill11 in ellipse-like 
figures (Figs. 1 and 2); and although these figures, 
strict.ly speaking, represen t curves of higher orders, we 
shall refer to them as ellipses. 

Each ellipse corresponds to a reflection from a definite 
(Ml) set of planes, the d spacing of which can be ac-
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FIG. 2. Mulliple exposure pholograph of lung,len 5inglc cry,tal. 
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FIG. 3. Schematic representation of multiple exposure technique. 

curatdy detcrmined from mcasurcmcnts of the param­
eters of the corresponding ellipse. 

It was found that the measuremcnts of the jilm and 
spccimen distance from the x-ray source constitute the 
principal sourcc of error. These distances are shown in 
Fig. 1 as a and b, respectively. To eliminate this and 
other error sources, a n1lmber of innovations in experi­
men tal and measuring tcchniques were int roduccd 
which \\'ill be described presently. 

It may be seen from Fig. 1 that the following direct 
relationship can be established bet ween a, (3 and the 
slopes ml, 1n2 of the diffracted rays: 

1/l1= p/c=tan(a+(3), 

1112= q/ c= tan (a-(3), 

(1) 

(2) 

whcre ex is the semiapex angle of the incident x-ray cone 
equal to 7r/ 2-8, 0 being the Bragg angle, and (3 is the 
angle subtended by the normal of the reflecting (Ml) 
plane and the axis of the x-ray tube. C=XI-X2 is the 
distance between two consecutive film positions (Fig. 3). 

If the slope parameters tnl and 1iZ2 of an (hkl) reflec­
tion are experimentally determined, one obtains the 
value of a and therefore the corresponding value of the 
Bragg angle 0 from t he solution of Eqs. (1) and (2). 
Subsequent substit1ltion in the nragg equat ion yields 
the corrcsponding d value. 

st.en crystal in which the ellipt ical pi.ttems llave been 
recorded at. eight d i ficrelll fd III positions (:1"1 10 :rR). 

Figllre 3 shows schcllla1 ically 1 he nnIl tiplc eX]loSlIrc 
met hod. The poin I s Ys and Y7 are the intersect ions of 
the major axis with the ellipse produced during the 
first exposure and :1:7 is the distance of the film from a 
fixed origin O. Similarly, Y~ and YG are the intersections 
with t.he second ellipse and XG is the corresponding film 
distance, and so on. 

If the equat.ion to the line Y1Y7 is 

y=ml.1:+B1 , 

one obtains by means of the least-squarcs method (sec 
Appendix A) 

1nl =:L Yi(x,-i)/:L (xi-i)2, i= 1, 2, 3· . ·7. 

But t.he slope of this line is also tan (a+(3), and 

K1IIl = tan (a+(3) , (3) 

whereK is the ftlm shrinkage factor. 
Similarly for the line YI4YS, 

[(1/1,2= tan (a-(3). 

By combining Eqs. (3) and (4), 

a=~' [arctan(Kml)+arctan(Km2)]. (5) 

Also O=7r/2-a. Therefore 

d='Aj2 cosa. 

3. EXPERIMENTAL TECHNIQUE 

The precision measurements of the d spacings and 
lattice parameters by the divergent beam method 
depend on a number of factors which must be closely 
controlled and which will be presently discussed. 

a . Film Measurements 

It has been shown that the precision of the d values is 
greatly dependent on the accuracy of the slope param­
eters ?ltl and 1n2, which in turn depend on the accuracy 
of measurements of the y" ordinates and x" abscissas of 
the multiple eA-posure diagram (Fig. 3). 
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The det erminat ion of the d spacing of an (ILk!) set of 
planes is thus independent of the troublesome a and b 
paramcters if the slopes 11/.1 and 1712 of the diffracted rays 
can be obtained. The principal innovation consists, 
therefore, of a precision determination of thc slopcs by 
a method of least squares employing a multiple cxposure 
tcchnique and exact measurements of distances between 
consecutive film positions. This is accomplished through 
the use of precision spacers. Thus in this method the 
film, after being exposed once, is moved a known c1is­
t ance (:\:1- .1:2) and a second exposure is taken. Aft er re­
peating this procedure seven or eight times the film is 
processed in the 1Isual way. Consequently, instead of a 
single ellipse, one obtains a pattern consisting of a 
family of seven or eight ellipses corresponding to one 
(l1kl) reflection. Figure 2 represent.s such a multipk 
exposure diagram of an undcformed, zone-refined tWlg-

I havc to be tak 

The Yn coordinates are measured along the major 
axis of the ellipse corresponding to a specillc (lIN) re­
flection, this axis being extended through the entire 
family of ellipses generated by the multiple exposure 
technique. Before the major axis can be constructed it 
is necessary to determine the center of the fIlm. 1£ the I 

points of intersection of two families of ellipses PI, p! 
etc. are connected, a line is produced which extrapobtt·, 
lhro1lgh the cent.er of the jilm (fo'ig. 2). If this process i, 
repeated for a number of intersections, it is possible itO 

locate this center accurately. Once it has been IOC~lled . 
a major axis is constructed on the film with the aid oi 
precision dividers. The actual readings of tIll: J 
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-,Iinatl's arc carried out wilh thc aid of an auloma1ic 
"rding ll1 icrophotollle1er (Rigaku-[)enki M1'-3). The 
I'rl}ti k~ of t he various ellipses of a family arc traced 

, ;.iong lhe major axis and the peak-to-peak distances 
'hl" protiles, measured with an accuracy of ±5 j.L, dc-

t h ~ cnd-poin1s of the corresponding y" coordinates. 
Ih~ x " coordinates arc controllcd by fixcd precision 
"rr,; which d<:tine the discrete film positions and 
.:1 h ~pan 1 he range of speci l11ell-to-Jilm distance from 

; nUll down 1.0 virtually zero. The size of the ellipses 
,i,'h can bc recordcd is limitcd by the dimcnsions of 
\' lilm and the cxistencc of a holc at its center. Thcre­
'r, thc sclection of the discretc [tim positions will bc 
'Irrnrd by considerations pcrtain ing to t hc completion 

" l h~ ~lliJltical pat terns. For large values of y" some 
.-lions of thc cllipses lllay fall outside thc film area and 
" ''illl'ntly the select ion of .r" will depend principally 
, n,lal oricntalion, wavell'llglh uSl'd, and latlire 

. ,i l;g or plall"s which :Lr,' Iwing IllI'asurl'd, 
1'0 insllre accurale dl'tl'l'Iliinalions or Ihe .r" "oorrii-

.:" it is ncc<:ssary 1 0 satisfy two re<]lli rCIl1CIl ts : (1) 1 he 
I ,hould be perfectly flat and (2) the fdm surface 
,ul cl bc maintainecinormalto the dir<:ction of its dis­

.:tl'IIIUll . The first requirenlent was [ulfdlcd by 
. hining groovcs in the backplate of the film cassettc 
lba l a vacuum could be applied. Only when the fllm 
! h l'Cil natly prcsscd to the backplate through thc 
',;i,'ation of the vacuum was the clamping frame 
,',Irned. The sccond requirement is satisficd by ac-

.,t l' machining of the cassette. Spccial care must be 
"II in mating thc cassette base with the spacers to 
',' l' errors in thc determination of the discrete film 
,l iollS .\'". 

It was observed that the precision of mcasurements of 
.! ~pacings increases with deCt'easing Ci, that is, with 
·,.l,ing 0 values. Consequcntly, it is highly dcsirable 
~n'onl a great many complete ellipses in the vicinity 
'Ill' ccnter of lhe film. To mi nimize the interception 
·ltt' dil'iracted x rays at small ex values by the x-ray 

itself, a long, tapercd tip was fitted to the lube. 
, tip nmy be described as a truncated conc having a 
.1jll'X angle of 7°, a circular tip surface of O.16-Clll 

t(l-in.) diameter and a height of 4.45 em' (1.75 in .) 

b. Photographic Technique 

\ lI umber of precautions in photographic processing 
( to bc taken to achieve a high degree of precision. 
" ior example, absolutely imperative that the film 
,bge be uniform (isotropic) if the diffcrences in 
'l'ings between various (Hl) reflections of a single 
.,[l' to be u1ilized as a basis [or a subsequent strain 
,is After long expcrimentation it. was found that 

'''lit Cronar base, singlc-coated, graphic arts film 
• 12 in .) satisflecl the requirements for isotropic ftlm 
.age. Correction for film. shrinkagc is made by 
r. 'illg a standard scale on thc exposcd film and 
.. :ring it after photographic processing. 

In ordcr to minimize film Shrinkage and background 
scattering, and thcreby produce maxi mum ('onl rast, the 
following photographic processing practice was adopted. 
All the films were devclopcr! [or 2 min in I,-odak 
HCllO developer diluted 5: 1, followcd by fixing in 
Kodak x-ray Jixer for 6 min. \\rashing for six minutes 
and then immersion in Pholoflo solution for 3() sec was 
followed by natural drying of the film . In this way it 
was possible to reduce Jilm shrinkage to a mll11mUm 
and also to insure t hat any dimensional changc was 
uniform over the wholc film. 

c. Computer Programming 

/\ computer program was written to expedite the 
rcpeaterl compulal ion of Ii spacings. Thc input to this 
program was: coordinates (Xi, Yi), shrinkage [actor, and 
w~~vcltngth l IS<:d . The Olltput was: d sparings and their 
(,OITl 'Spollrlillg standarci l'I'rors . 

III ,uldilit1 ll , iL I'rogr;ull IV;IS also IVI'illl'lI 1'01' litl' 
rOlllplllat ion or I he lal t icc pamllll'ler hascd Oil I he 
method of weighted least squares. The input to this 
program was: d spacings, standard error o[ d spacings, 
and M iller indices of planes. The output was: the 
parameters of the weighted least-squares line and their 
associated standard errors. ~'1athematical details for the 
computation of thc d spacings, lattice parametcr, and 
respective errors arc given in Appcndix A. 

The output of d-spacing computations was used lor 
the computation of thc stress-sl rain configuration of 
thc strained crystals. I.2 Indecd, it is primarily for 
rcasons of attaining the highest degree of precision in 
the strcss-strain analysis of crystals that the prccision 
measurcments by thc divcrgent bcam method wcre 
developed hcre in such detail. 

4. EFFECT OF HOMOGENEOUS AND IN­
HOMOGENEOUS STRAINS ON THE 

PSEUDO-KOSSEL PATTERN 

If 1 he cryslal is suiJjec1<:<i to IOllg-range elasl ic Sl rains 
01' 10 homogeneous inl ernal sl rai IlS (r<:siclllal sl rai Ils), 
the shape of the psell(lo-Kosscllin<:s will be significanll~' 
altered. Thc homogeneous strains arc then ma.nifested 
by changcs in the length of thc major axis of lhc 
elliptical patLerns. These changes in turn aficct the slope 
parametcrs 1/tl and 1It2 and consequently the strain 
i1uctuation can be recorded in terms of thc changcs of 
the d spacings of various (liN) plancs. Thus, if thc 
changes of d spacings of more than six independent 
(Hl) planes are recorded, the complete strain distribu­
tion of the crystal can be obtained.I,2 However, if the 
strains are inhomogeneous, 1 hCIl in addition to dimen­
sional changes of the elli pt iGti pattern local lille 
broadcning, kinking or displacement of line segmcnts 
will OCClil'. The effect of slIch strains on the pseudo­
Kossel lines is shown in Fig . .f. From thc schemalic 
drawing of Fig. 1 it may be seen that adjacent areas on 
thc specimcn surface givc rise to adjacent segments of . 

------~--------~--~-----------------------------------------------------------------------------------
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J 
FIG . 4. Sinl;lc cxposurc photol;raph of dcformcd tllngstcn 

crystal. Local lattice misorientation at A and linc hroadening at 
J! gi\'c c\'idcncc of inhomogcncolls strains. 

the ellipt ical patt ern. Consequcnt I)" thc kin king anclt he 
displaccmcnt of line segments arc directly associat(;d 
with local lattice misorientation. This misoricJltatioll 
can be determined when the specimen-to-film distance, 
the displacement. of the line segments, and their 
respective distances from the center of the {ilm arc 
kno\\'n. The divergent beam method may, therefore, also 
be \'ie\\'ed as an x-ray topography mcthod. The most 
precise measurements arc obtained from reflections with 
large e values, permitting one to detect lattice misorien­
tations as small as 0.05°. 

Local line broadening, indicated by arrows in Fig. -1, 
is a manifestation of inhomogeneous strains. If sllch line 
broadening occurs, the strain analysis can be extended 
to include intensity studies of the line profile. These are 
carried out by means of a microdensitometric tracing of 
the line prolile across the broadened region. The inten­
sity data thus obtained serve as the basis of a Fourier 
transform analysis.' 

5. INCOMPLETE ELLIPSES 

The crystallographic orientation of the rellecLing 
specimen surface and its distance from the target arc 
generally chosen so that a number of complete ellipses 
appear on the 111m. In some cases, however, extraneous 
crystallographic consideral ions predetermine the orien­
tation of specimen faces. Some, or even most of the 
ellipses may 1 hen be incomplctc; parts of t hem may fall 
within the ccntral hole of the film or be blocked out by 
t he shadow of the target. Such ellipses cannot be used 
for the computation of if spacings b~" the methods pre­
viously described. The decrease in the number of 

8 J. J. Slade in Cunf. VI Intern. Union of Crystallographers, 
Rome, Scptcmucr, 1963 [Ac[;, Cr),st. 16, A104 (1963)J. 

ct fI t. 

measurable cl spacings, in tum, impairs the accuracy (JI' 

1 he st rain analysis, or even (if it falls below six) ren;!tr, 
it impossible. The clifiiculty may he circumvented IJ\' 
the usc of a composit e target emitting t \vo difiercn'l 
characteristic wavelengths. Such a target has bCl'n 
produced, for instance, by using an iron foil plateclll'ith 
cobalt. The radiation emitted contains in this ca,l' 
Col'; a and Fef( a' It is convenient, t hough not nccessan' 
that the intensities of the two characteristic radiatio;l~ 
be made approximately equal by a suitable choice of the 
plating thickness. Two superimposed exposures at 

different film-to-specimen distances arc required and 
the film shift between the two e:-,'-posures must be known 
precisely. Figure 5 is a pattern of incomplete ellipses 
procluced in this manner with a composite target. 

The method of computation of d spacings is given in 
Appendix 13. 

6. RESULTS 

I\s ant icipated, no significant clifierence in If yall1ts 
among the various (IiI~l) planes of a form was found in 
the unstrainecl tungsten crystal. Therefore, for each 
{li/d} form investigated, the average d vallie d Ira, I 

determined anel these values arc listed in Table 1. , 
It will be recalled that the d spacing is obtained frl)l11 

cr by Err. (5) and that a in turn is obtained from the slope 
parameters 1nland 1112 by Eqs. (3) an <I (4). The standard I 
errors of the slopes introduced by the physicallllcasl1rc­
mcnls results in slandard errors of a which in turn 
propagate as standard errors of ri. The average of this 
standard error in d for each {IiI?l} form, denoted by ~.f, • 
was determined and is also listed in Table r. Details COI1-

cernu1g the calculation of the propagation of errors arc 
discussed in Appendix A. 

FIG. 5. Double cxpo-tlre photograph of :\i- 2S% Fe sin~l· 
crystal. FeK and Col" radiations "'erc employcu for analy,is ,.' 
incomplete pattcrn. 
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J \ 11.1' T. Slimmary of error analysis of x-ray di"crgent beam meLhod lI sing an as-grown, zone-refined LungsLen single crystal. 

: Ul. (.l21 ) (222) 
\fI.ol 

~\·; lti()ns 2-1 15 

a 0.S~601 0.9l3i\ 1 

a,1 O .OOOO~ 0.00026 

.I. % O.O()l) O.()2S 

a.I 
< 0.00016 0.00028 

I rc1/ ! 4.0S29X 10' l.295SXlO' 

tl 
. 3.16547 3.16561 

65.57 57.45 

II , i1 ould be understood that the O' d values from which 
\I'a, obtained are a measure of the precision of the 
!In iquc, that is, they express the eA-perimental error 

; ,'3ch Illcasurement of d spacing. The iid should be 
"lparcd to the O'd* values listed in row 6 of Table I 
:ch arc the standard deviations of d spacings of the 

: :./ ) iorllls. O',/ measures, therefore, more than the 
'i~'rinll'ntal error and its physical signifIcance seems 

ill' int illlatcly relatcd 1.0 the residual strain clistribu­
,11 in the as-grown crystal. It will be noted from Fig. 6 
.it hoth iid and O'i' decrease wiLh increasing Bragg 
dl' 0 ,wei that for all {!tid} forms, excepting {222}, 
(1/ arc nearly twice as large as the corresponding 

\';liul'S, 

rhl' precision determination of the lattice parameter 
',I';h C;lrried out by adopting a sequence of steps which 
i ill' outlined presently. 

\1 Il Illay be seen from Table I that a considerable 
',bl'!' of d~t erminations of d spacings has been carried 
. ior each {IIId} form investigated. From each 

. '. ,du ~ of an {HZ} form, the lattice parameter a' was 
"' Im tcd using the relation a' = d· (li?+k2+l2

)}. 

~ I To each a' of an {Ht} form thus obtained a value 
Ihl' :\dson- Riley function, ~[(cos28/sin8)+cos28/0], 
.' a, ,;ignecl . The 0 value used for this computation 
-rt.'punded to the d spacing from which each a' was 
~in al l y derived . 
. n Since t he error in the computation of d and there­

-,-, the (:1'1'01' in a.' diminishes with increasing 0 (Fig. 6), 
·',lIi~tical weight was assigned to cadi a.' which is 
i'llrt iomd to 1/ (0',/")2 (see Appendix A). 
II Employing a met hod of least sClllares, the lattice 

:.Illll'[er ao was obtained by extrapolation of the 
'.tln -Rilcy plot of the weighted a' values. The slope 
,hi, !t:ast-squares line is then given by 

b='L lIi'Wia/(Xi-x)/ "L ni'Wi(xi- X)2 

, lh~ Y intercept by 

1I {t = ('L 'W.a// "L wi) -b "L XiW J "L Wi, 

;,' .l' i=K(cos28i/sinOi)+cosZ8;j8i] (the value of the 
"m-Riley function), Wi= [1/ (O'd/)2]/ [L: 1/ (O' d/)2] 
~t atislical weights), x= L: ni'Wixi/L: n,wi. 

(310) {220} {21 I} 

28 11 7 

1.000S5 J.11912 1.29230 
0.00029 0 .OOm6 0.00039 
0.029 0.032 o.mo 
0.00061 0.00076 0.00083 
0.267SX 10' 0.17~OX10' 0.125-1X 107 

3.16496 3.16534 3. 16:i49 
50.32 43.49 36.59 

The following results were obtained: 

b= - 3.88X 1O- 4±O.56X 10-4 

ao=3.16554±O.00002 A. 

The lattice parameter ao ,"vas corrected for refraction 
by adding to it a term ao(1-n), where JI, is the coefficient 
of rcfraction. 9 For tlmgsten and using CuIC' 1 radiation 
(>.= 1.5-1051 A) the correction factor for refraction was 
157 X 1O- r. A. Since the ambient temperature during the 
experiments was 28°C, a temperature correction was 
also applied9 using the expression 

112=al+aa l(T2-1\), 

where al and a2 arc the lattice parameters at tempera­
tures T 1= 28°C and T 2= 25°C, respectively, and a, the 
cocflicient of expansion of tungsten, is 4.6X lO-G °C-I. 
With these corrections applied the lattice parameter 
ao is 3.16566 A at 25°C. 

10 
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9 International Tables for X -Ray Crystallography (Kynoch Press, 
Engia nd) , Vol. 3. 
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7. DISCUSSION OF RESULTS 

The newly developed sl ress -s( rain analysis"~ is based 
on the ahility of the divergent heam method to record 
scnsitively (he strains in a crystal in terms of the 
changes of d spacings of the variollS (Ut) rel1ect.ions. 
The question that. arises is: What is the precision of 
strain measuremcnt that can be obtained by the 
divergent beam met.hod? 

It is quite e\·ident. that the st rains (tJ.d/ d) smaller 
than the experimental error in d spacing, given 
by ad, cannot be measured. Focusing our atten­
tion on Tahle J and Fig. 6, we note that ad is 
a. funct ion of t he Bragg angle 0, declining with increasing 
O. It can he seen that. for planes belonging t.o (he (211) 
form in tungsten cryst.als, the minimum value of iid is 
0.00039 A and, therefore, strains smaller than 0.030% 
(=0.00039/ 1.29230) cannot be measured. For the {321} 
form the precision improves to 0.009% strain. It follows 
fro III the dependence of ii<l on 0 that if small strain 
variations are to be measured for a givcn clystal 
orientation, the radiat.ion used should be such as to 
yield the maximum number of ellipses in the vicinit.y 
of the center of the film. 

F or the successful application of the stress-strain 
analysis it appears useful to construct at the outset a 
curve such as t.hat shown in Fig. 6, which de[mes the 
limit.s of the largest experimental error, namely, t.hat 
of ad. It is significant that in this error analysis the (T,/ 
values which represent the standard deviations of the 
d spacings of the {/JIol} forms turned out to be nearly 
twice as large as the corresponding experimental errors 
iid. This difference bet.ween (Td* and iid is interpreted to 
be due to Slllall residual strains which the divergent 
beam method seems to be capable of detecting even in 
as-grown, zOlle-re[med oystals. 

The decline of (Td* and iid with increasing 0 is due to a 
number of faclors that are common to all diffraclion 
methods in which the highest precision of measurements 
is obtained from lines with the largest diffraction angles. 
They need not be discussed here, One factor, however, is 
peculiar to the divergent beam method and arises from 
the method of measurement of the diffract.ion profiles. 
As the a value of the reflectiJlg . (Ml) planes increases 
(decreasing 0), t.he recorded ellipses are further re­
moved from the center of the film. The decrease in the 
angle bet.ween t.he diffracted rays and the film causes a.n 
increase in the ,,-idth of the recorded line. Since this line 
broadening results in a i1attening of the difiraction 
maximwn, an error in measurement is int.roduced, due 
to the increased uncertaint.y of the exact peak-to-peak 
distance of the line.profIles. 

It is interesting to compare t.he results of our precision 
lattice parameter measurement with the results ob­
tained from an international project conducted by the 
International Union of Clystallographers Commission 
on Crystallographic Apparatus. JO The result of the 
present investigation for tUJ1(!sten is ao= 3.16566 

±O.00002 A (the standard error of the mean baser! on 
85 observations), whereas t he average value obtailled 
from the [nternational Union of CrystallograplH:rs 
project, in which 16 laborat ories participated, was 
ao=3.16522±0.00009 A. 

The difference of 0.000-1- A between the values of the 
lattice parameter can be satisfactorily e;"''Plained if olle 
considers the impurity content of the samples studied. 
The material used in this investigation was a ZOIl\:· 

rcfmed crystal containing virtually no substitutional 
impurity atoms and having 2 ppm oxygen, 9 ppm 
carboJl, 4 ppm nitrogen. On the other hand, the sample 
st.udied by the International Union of Crystallographers 
Commission was a ]>olycryst.alline specimen of 99.27o/r 
to 99.92% purily. Optical spectrographic examinatioll 
showed small amounts of Ca, 11g, Si, H, ami Cr. ,\ \ret 
chem ical analysis showed 0.19% Fe~O:l and O.06o/r 
SiOz.lO Substitut.ion of W atoms by the impurities ill 
con cent rations such as t.hese would give rise to a 
decrease of the lattice parameter and bring the value of 
ao published by the Internat.ional Union of Crystal. 
lographers very close to t.hat found in the present 
invest.igation. 

8. APPLICATIONS AND LIMITATIONS 
OF THE METHOD 

The stress-strain analysis based on the divergcllt 
beam method has already been applied to a nWl1ber of 
problems in physical metallurgy and solid stat.e physics. 
In all these problems the aim was to obtain quantitati\'~ 
information about the structural changes induccd by 
lattice defects insofar as t.hey manifest themselves bl' 
the concomitant changes'in the strain distribut.ion. Tht;s 
the method has been applied to the analysis of the straill 
distribution in the age-hardening of an AI- 3.85% ell 
crystal.! It was also applied to the st.udy of ordering in 
the Cu-50% Au alloy,2 where tet.ragonality strains 
induced by the ordering process have been analyzed by 
lhis methocl. 

The divcrgent beam method becomcs a particularly 
powerful research tool when correlated with the study 
of lattice defects by transmission electron micros· 
copy.2.3.fi As practiced in this laboratory, the singk· , 
crystal specimen is [lrst studied by the x-ray methoclto 
obtain the stress- strain configuration. Subsequently lht 
specimen is thinned down and viewed by t.ransmission I 
electron microscopy. 

This combinat.ion of methods was also e111pl()~-cd in I 
the study of neutron-irradiated quartz when the change 
in st.rain distribution was analyzed as a funct.ion oi /1 

radiation c!osage3.6 and in the study of the yield phe­
nomena of refractolY metal crystals where the slip I 
activity' in the pre-yield, microstrain region was ex­
plored.4 It is currently applied in such diversified in­
vestigations as the study of the strain distribution 

10 W. Parrish, Acla Cryst. 13,838 (1960). 
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..,,' iatcd wit It Illagnetic anisot ropy, dispersion harclen­
" ,jlltlik hrittle transition of refractory melals ,m(l 
',I ill il h:m\cn i ng i n all()~- si ngle cry'stals, 
Ii d,'~irl'd, the target of the x-ray tube Illay consist 

' .lil ;dlm', in II'hieh case the diCfract ion pallern recorded 
, Ihl' liim II·i ll consist of ellipses characteristic of the 
'l l'IlIS oi the targl't mat eriaL I Consequent Iy, precision 
."lII'l·l11ents can be carried out· as a funct ion of 
:rrt'nl II'a\'clengt hs under idenl ical pholographic 

- 'l'~"i ng condit ions. 1 f the alloy of t he target mat erial 
:ll,lins t:il'ments of high and low atomic number, strain 
Nlrl'l11l'nts can he carried out on the specimen which 

.:\' he made a function of t he dept h of penet.ration of 
",' corresponding radiation . This aspect may lurn out 
,hI' particularl.l- useful for a number of problems in 
\,iral 1111'1allurg~', e,g., in studies of internal oxida-

: ,;1 . ra,L' hardl'ning, and dispersion hardening. 
II ,11Ould be borne in mind, however, that there arc it 
,mill'r of iactors which lill1itthe stress- strain anal~-sis 

: matl'ria\:.; hy the divergent beam method and thrse 
\ II n/lll' he discussed, 

t I ) The l11l't hoc! in its present form is solely rest rictec\ 
. ' Ihl' st ud~' of single crystals having [aces not less than 
; ;:il11~ , II is quit e possible, however, that. in I he [ut ure it 
,UI he extended to polycrystalline specimens if the 

lowing modifications in instrumentation are adopted: 
.II COIlSt ruction of an x-ray tu be with spot si7.e of about 
II' ; (h) narrowing of the tip of t.he x-ray tube so as to 

.jUCl' the instrumental obstruction to the x-rays 
:iractl'd by the specimen, Ii these requirements arc 

. :Iilkd, the specimen may be brought closer to the 
! \, :.IY source and grains approximately 250).L in size can 

'Iudied. 
21 The crystal must exhibit in its ul1deformed st.ate 

, I.liril' high degree of lattice perfect ion and must. be 
" of surface distortions. The undeforll1ed state is 
,mkd as the rdl'l'el1Ce stale to which all measured 

.. Iill', thaI is, !:!.d/ d values, arc referred, The require(l 
~r" l' of latticl' perfection for the reference state is 
1'lIler! Ill' the absence of t hose characteristics of the 

.':.1\' pat tl'rn discussed in Sec, -t. 
Ii the strain distribut ion in the crystal becomes 
h"l1l ogcneous and t he pat tern shows manifestations of 
~\(knillg, kinking, and ciisplacemont. of the lines, the 

···.Iill analysis has (0 be augmcnted by a Fourier trans­
'.-1'1 analysis of the line proiile (Sec. -t), The divergent 

.1111 I11ct hod olTers, however, the great advant.age that 
l'indil'idual (HI) reflections of a form are not super­
;)"' c(\ as in the powder technique, which is t.he basis 
<'mrl'nt fourier methods. 
3) \1 ore than six independent ("'<.l) reflections have 

I,,, an;t1~-zcd.1 Furthermore, to obtain a representative 
"piing of the strain ellipsoid the crystal must be 
,oiinl ill different directions, This necessit.ates irradia­
'<I oi a number of dilTerent plane faces of the specimen, 

I) Thl! smallest measurable strains for a particular 
!J rdll:ction must. be larger than thc ell:perimental 

-'Ii dclilled by the corresponding Ud value (Sec. 7). 
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APPENDIX A 

Least-Squares Determination of y=mx+B 

The least-squares estimates of mi, i= I, 2 and B i , 

i= 1, 2 are obtained by minimizing the sum of the 
squares of the deviations: 

i= 1,2 

j= I, ni, 

where Ii i is the number of determinations for each line, 

We have, using the expressions from the regression 
theory,II,12 

13 .. = fj;-m ... !; i , i= 1, 2. (A2) 

The variance of est.imat.e is given by 

where 1I1j and Bj are given by (A 1) and (A2), respec­
tively, and the notation Vi(y/ x) stands for the variance 
of y given x, t.hat is, the variance about the least-squares 
line. 

The variance of the slope is given by 

V(m,)=V;(y/ x)/ :L(Xij-x;)2, 'i=1,2. (A4) 
j 

d Spacing and its Standard Error 

a and d are given by ECJs. (5) and (6). Knowing the 
standard error of t.he slopes '1111 and m~ we can compute 
the standard error of the il spacing. In fact, wc have 

(AS) 

and 

The stanclard error of d is then 

(A7) 

Weighted Least Squares 

The relation between the lattice paramet.er a' and x, 

11 A. Hald, Statistical Theory '('ith Engincering Applications 
(John Wiley & Sons, Inc" NelV York, 1952), Chap. 18. 

J2 A, H. Dowker and G, ]. Lichrrm:m, Engincerillg Statistics 
(Prentice-Hall, Inc" Englewood ClifTs, New Jersey, 1959), Chap. 
IX, 
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SCl·. 0, is gin:n IJ~' 

a'=lI.,+b.r, (1\1-1) 

where 
.r=}[ (cos~O / sinO)+cos~O/O]. 

Sincc the standard error of II and, therefore, of a' 
deJlends on the valuc of 0, a weight inversely propor­
t ional to thc variance of d was assigned to t he a' values. 

This wcight was delillcd as 

whcrc 

(<T".*r= I: [(dd- 1IY / (II-I)] 
j 

(A9) 

(A 10) 

and j = 1· .. III, t he number of If-spacing determinations 
for each Bragg angle 0 and i= 1·· . It, the number of 
Bragg angles (sec fig. 6). 

The values of all and b are obtained by minimizing the 
sum of tIl(' squares of the deviations: 

Again, using the results from weighted least squares, 
we have 

b= I: lI(w,a/(.r,-x)/ I: n,w.(.ri-x)2 (All) 

and 
al)= ii' - b.1;, (A 12) 

where 

a'= I: Ilia/wi/ I: lIiWi, (A13) 

x= I: lIi~'iWi/I: 11 ,Wi. (Al..J.) 

The variancc of estimate is givcn by 

]I (a' j.r) = I: II i'U'i(a,' - a.,- /1.1';)2/ (11- 2), (A 15) 

wherc Ii and all arc given hy (/\ 11) and (/\ 12), 
respect ivel)·. 

The variance of band (/11 arc given by 

V(b)= V(a'j.r) / I: lIiWi(.ri-.B)2 (A l(l) 

V(ao)= V(a'/ x)[(1/ 1I)+'i:2/ I: II;W.(.r,-X)2]. (Ali) 

Thc standard crrors are then 

<Tb= [V(bU, (Al~) 

<Too=[V(ao)Jl. (A19) 

APPENDIX B 

Computation of d Spacings from 
Incomplete Ellipses 

Refcrring 10 Fig. 1 it will be seen that 

NP= (a+b) cot(O+,8)+b cot(O-,8) 
=a cot (0+,8)+ b[cot(O+,8)+ cot (O-,8)J (Bl) 

,YR=b cot (0+,8)+ (o+b) cot (O-{3) 
= a cot(O-,8)+b[cot(O+,8)+cot (0-(:1)]. ( B~ I 

Let .\,R=I, for brevit)" and suppose that lwo pattl:rn_ 
arc superimposed on the same lilm b~' making two 
exposures and changing thc distancc a from thc lilm ttl 

the targct bct wcen the cxposures. Then, for example. 
Eq. (B2) gives 

II=al cot (O-,8)+b[cot(O+{3)+cot(O-(3)J, (IU ) 

t2=a~ cOl(O-,8)+I{cot(O+,8)+cot(O-,8)], ( 11·\ 

where the subscripts refer to the film position. 
Subtracting (B..J.) from (B3), 

II-/~= (al-a~) COL (0-(:1) = c cot (O-{:J) 

cot(O-(:I)= (/1-INc=!J./ c. (Wi) 

Here c is the clistance through which thc film has hl'cn 
shifted betwecn cxposurcs and 11-/2 is thc distann' ' 
between corrcsponding ellipses measurcd on the lil m 
along their common major axis. 

Lct us now assumc that the incident. radiation consist~ 
of two components of wavelength Al and A2, respect.ively, 
cach giving rise t.o a pattern. We havc then from (B5 ) 

(H(») 

(H i ) 

where thc subscripts now refer to different wavclengths. 
Subtracting (B7) from (B6), 

81- 02= arccot(!J. 1/ c) - arccot(!J. 2/ c) 
= arccot[ (c2+ !J.j!J.2)/ c(!J. I - !J.2) J = fl. (BR) 

Let 

then 

The seconcl of Eq. (139) gives rlnall~ ', 

where fl is given or (B~). 
The last expressiongives the value of the Bragg angle 

(and therefore of thc interplanar spacing) of a given sct 
of plancs in t.erms of the known x-ray wavclengths, of 
thc film shift bet ween exposurcs c, and of t \VO quantit ies 
!J. I and !J. 2 measured on the lilm (Figs. 1 and 5). 

Equation (RIO) may bc writtcn in a form which gives 
directly thc d spacings, obviates the need for trigono· 
mct ric tablcs, and is convenicnt for computation on a 
desk calculator. Using the idcntity sinO= (1 +cot20)-: 
ancl t hc value of cotOt given by (n 10), 

S T R ;\ I \ 

d= A2/ 2 sinOt= (A 

= (A2/ · 

= «(A2 

L'sing the trigon 
let ting cot;.t= s, 
member of (Hll) 

l+[(K/sinfl)-
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2 ~inO~= (A ~. '2)( 1 + COl ~O) ~ Using this expression in (B 11) we olJtaill finally, 

= (A~ 2)( 1+[(1\" - co~,u) sin,uJ}: d= [!{'(1+s~)-1{"s(1+s2)JJ: 
= ( (A}, .J.){ l +[(I\'l sin,u)-cot,uJ~} ) l. (1311) with 

~ titl' trigonometric identity mentioned <.bove and j{'= (AI
2+A22)/4, X"=AI At/ 2, 

li :! (Olp = s, t he factor in brackets in the last and 
. I·,l·r of (HI I) can be written s=cot,u= (c2+tq Ll2)/c(t'l-Ll2) 

. [(1\ sin,u)-cot ,uJ2= (1+ 1{2)(1+s2)-2 /\s(1+s2)J. by Eq. (BS). 
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Stress-Strain Analysis of Single Cubic Crystals and Its Application 
to the Ordering of CuAu I. Paper II 

J. J. SLADE, S . \\' EISSMM\N, K. NAKAJlol.l: A~1l M. HIRAl\AYA5IU* 

Co/ll'ge (Ii 1;lIgillrerillg, HIIIgfrs, TIle Siale Ullh'ersily, Nf7i' Brlllls'li' ick, Ne'/(} lase)' 

(Rcceivccl 20 April 11)().j.) 

,\ ,tiT,s- strain analysis of sin~lc cubic cr~'stals is develoJlrd \\'hich utili7.es the strain data sUJlplied hy the 
X'fa" hack·reflection di\'er~cnt heam mcthod. The principal strains and their directions are determined and 
from the principal strain:; and the kno\\'n elastic constants the complete strcss- stmin conr'guration is 
ohtaincd. Thus the maximum magnitude and thc direction of thc shearing strain on :l given set of crystal­
lographic planes arc obtaincd and the sct of planes on which the maximum value of the shearing maxima 
occur:; is also determined . From a kno\\'led~e of the strcss-strain conr,guration, the stored elastic energy of 
the crystal is deduced j it can he partitioned into tll'O components, that due to shearing strains and that due 
to :l mixture or normal and shearing strains. 

Thc conditions under which the principal strcss systcm coincides \\'ith the principal strain system arc also 
invcs tigated. Furthermore, it number is constructcd thal measures t he distortion of the crystal in tcrms of the 
cncr~y incremcn ts associat cd \\'i t h the clastic constan ts. 

The stress- strain analysis applied to the oruering of a CuAu crystitl at 125°C corrolJOratcs quantitat ively 
the (jualitative results previously ohtained hy transmission elcctron microscopy, Thc dcpendcnce of sfored 
clast ic energy on annealing' time is determined and it is shown that thc first maximum and decline arc asso­
ciated wit h the maximum :lnd decline of cohercncy st rains scL up bct \\'een thc ordered Cui\u I nuclci and t hc 
disordcred mat rix. Upon increasing the annealing time, twinning occurs to relicve the tetragonality strains in· 
Iroduced by the ordered Cui\u I dOlllains. The second mitximum is compounded by twinning on certain (110) 
planes and delayed ordering on othcr (110) planes of the malrix. The subsequent decline of the stored clastic 
('ncr~y is associated wiLh twinning on all (110) plitncs. The sheitrin~ st ress necessary to initiate microt\\'in­
nini( docs not exceed 7 X 108 dyn/cm2• 

1. INTRODUCTION 

~ Il' J) \'1:\ G by means of transmission electron 
J I:l i,ToscoPY the ordering of CuAu I, Hirabayashi 

I \\'l'issmann' have shown that at low-temperature 
,ding platt.:-like nuclei are formed \Vh\ch are 
rl'1l1 with the disordered matrix and parallel to the 

'I' planes. Upon prolonged annealing at low tempera-
, IIr shon annealing at elevated temperature, the 

;nnlatl'ci cohercnc~' strains introduced by the tetrag­
.t y of the ordered CuAll '[ structure become 

' II''] titrough twinning and the twin planes are also 
"d tillite ( 101 ) planes of the cubic matrix, It was 
. ""ihk, however, 10 ohtain b~' elect ron microscope 
"i'jlll" quantitative information as to what the 
·,lllililin and magnitude of th e strains were that led 
d ;" \I],sl' r\,cd twinning <Illring ordering. Vct sllch 

• ''' '''lit address: Rc,earch [nstitlltc for Iron, Sleel , and 
~tdals, Tnhokll lilli\'('r~ity , Sendai, Japan. 

'.f lhrabayashi and S, Weissmann, Acta Mel. 10, 25 (1962) , 

information is highly desirable jf a detailed picture of 
the mechanism of ordering is to emerge. 

The x-ray studies presented in this paper were 
tmdcrtaken to supplement the qualitat ive rcsults of the 
electron microscope investigation by quantitative data. 
The interpretation of the quantitative results required 
an extension of the strain analysis2 recently devcloped, 
which uses the strain data supplied by the x-ray back­
reflection divcrgent beam mcthod. Thus a complet e 
stress- strain analysis was developcd which dcscribes 
the st ress- st rain con figuration for t he early ordering 
stages of ('UAll J. It also enables one to study the 
changes in stored ('last ic energ~' and anisot ropy of 
strain distrilHilion as a function of ordering anneal. 
Since the developecl st ress st rain analysis of cui>i(' 
crystals appears to have a 111 0 n.: universal applimt ion 
than shown in the specilic study of the or<it:ring oi 

2 T. Jlllllra, S. \\'eissmann, and J. J. Slade, Jr. , Acta Crysl. 15, 
786 (1962) . 
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